The structure of the paper is as follows. In Sect. 2, we establish a compartmental model describing the spread of the infestation and the disease. In Sect. 3, we study the subsystem formed by the equations for the rodent compartments, while, using the results of Sect. 3, we study the human subsystem in Sect. 4.
The Model
We denote by R(t) the compartment of susceptible rodents, T (t) stands for the rodents infested by non-infectious parasites, while Q(t) denotes the number of rodents infested by infectious parasites. Similarly, we have three compartments for the humans: S(t) denotes susceptibles, I (t) those infested by non-infectious parasites, and J (t) those infested by infectious parasites. A and d stand for the birth, resp. death rates of rodents. The notation β 1 stands for the transmission rate between the compartments R and T , while β 2 is the transmission rate between R and Q, resp. T and Q. B and δ stand for natural birth and death rates for humans, and ρ denotes disease-induced death rate for the infected human compartment J . The parameter ν 1 denotes transmission rate between the compartments S and I , while ν 2 denotes transmission rate from J to S and J to I . The parameter η 1 denotes the transmission rate from rodents infested by non-infectious parasites to susceptible humans, while η 2 is the transmission rate from rodents infested by infectious parasites to humans. We denote by θ 1 , resp. θ 2 the disinfestation, resp. recovery rate from compartments I , resp. J .
Using the above notations, our equations take the following form:
R (t) = A − β 1 R(t)T (t) − β 2 R(t)Q(t) − dR(t), T (t) = β 1 R(t)T (t) − β 2 T (t)Q(t) − dT (t), Q (t) = β 2 R(t)Q(t) + β 2 T (t)Q(t) − dQ(t), S (t) = B − η 1 S(t)T (t) − η 2 S(t)Q(t) − ν 1 S(t)I (t) − ν 2 S(t)J (t) − δS(t) + θ 1 I (t) + θ 2 J (t), I (t) = η 1 S(t)T (t) + ν 1 S(t)I (t) − η 2 I (t)Q(t) − ν 2 I (t)J (t) − δI (t) − θ 1 I (t), J (t) = η 2 S(t)Q(t) + η 2 I (t)Q(t) + ν 2 S(t)J (t) + ν 2 I (t)J (t) − δJ (t) − ρJ (t) − θ 2 J (t),
with positive initial conditions
The phase space
is clearly invariant to system (1).
The Rodent Subsystem

Equilibria, Local Stability
The first three equations of (1) can be decoupled from the remaining ones. The subsystem for the spread among rodents, given by
has a similar structure as the model given by Dénes and Röst [1, 2] , though, in the present case, birth and death rates are not equal in contrast to the cited papers.
To calculate the equilibria of the full system, we start by calculating those of the rodent subsystem (2) , which are easily obtained by solving the algebraic system of equations
resulting in the four possible equilibria
By introducing a single infested/infected individual into one of the equilibria E R , E T and E Q , we obtain three different reproduction numbers. If we introduce a rodent infested by the non-infectious parasites into the disease-and infestation-free equilibrium, we obtain the reproduction number r 1 =
Introducing a rodent infested by the infectious parasites into the equilibrium E R , we obtain the reproduction number r 2 =
If we introduce a rodent infested by the infectious parasites into the equilibrium E T , we obtain again the same reproduction number r 2 . Finally, let us introduce a rodent infested by the non-infectious parasites into the equilibrium E Q . In this case, the expected sojourn time of an individual infected with the first strain in the Tcompartment is (β 2 Q * + d) −1 , and the number of new infections generated by this individual is β 1 R * , where R * and Q * stand for the first, resp. third coordinates of the equilibrium E Q . This way we obtain the reproduction number r 3 =
It is obvious that the equilibrium E R always exists, E T exists if and only if r 1 > 1, E Q exists if and only if r 2 > 1, while E T Q exists if and only if r 2 > 1 and r 3 > 1.
The following proposition on the local stability of the four equilibria can easily be checked, see [3] . 
Persistence
Before we can state our results on the persistence of the three compartments, we will need some notions and theorems from [8] . Proof To show uniform persistence of the susceptible compartment, we will use the method of fluctuation (see, e.g., [7, Lemma A.1] ). We denote by R ∞ the limit inferior of R(t), while T ∞ and Q ∞ denote the limit superior of T (t), resp. Q(t) as t → ∞. Using the fluctuation lemma we know that there exists a time sequence
If we apply this to the equation for R(t), we obtain To show persistence of the infested compartments, we need some theory from [8] . We use the notation x = (R, T , Q) ∈ X for the state of the system and the usual notation ω(x) for the ω-limit set of a point x defined as ω(x) := {y ∈ X : ∃{t n } n≥1 s. t. t n → ∞ and (t n , x) → y as n → ∞}.
It is easy to see that for the total rodent population we have R(t)+T (t)+Q(t) →
We first show the persistence of T (t). Let ρ(x) = T . Let us consider the invariant extinction space of T , defined as X T := {x ∈ X : ρ(x) = 0}. We follow [8, Chapter 8] and examine the set x∈X T := ∪ x∈X T ω(x). Applying the BendixsonDulac criterion with Dulac function 1/Q and the Poincaré-Bendixson theorem, we obtain that all solutions in the extinction space X T tend to an equilibrium.
Let us first consider the case r 1 > 1 and r 2 ≤ 1. Clearly, in this case = {E R }. As a first step, we prove weak ρ-persistence. In order to apply [8, Theorem 8 .17], we let M 1 = {E R }. Then is a subset of M 1 , which is isolated, compact, invariant and acylic. We have to show that M 1 is weakly ρ-repelling, from which we obtain persistence.
Let us suppose that this does not hold, i. 
e. there exists a solution such that lim t→∞ (R(t), T (t), Q(t)) = (
which is positive if ε is sufficiently small as
In the second case, when r 2 > 1 and r 3 > 1, also E Q exists, so we have 
(R(t), T (t), Q(t)) = (
where we used that β 1 > β 2 , which follows from r 2 r 3 > 1. This expression is positive for ε small enough, which contradicts T (t) → 0.
Now let us suppose that M 2 is not weakly ρ-repelling. Then there exists a solution such that lim t→∞ (R(t), T (t), Q(t))
+ ε and for such t we can give the following estimation for T (t):
which is positive for ε small enough as r 3 > 1. This contradicts T (t) → 0.
Let us now turn to the persistence of Q(t) in the case r 2 > 1. We set ρ(x) = Q. We have the equilibrium E R if r 1 ≤ 1 and the two equilibria E R and E T if r 1 > 1. Similarly to the case of T (t), we define the extinction space of Q as
Just like in the proof of the persistence of T (t), is invariant, and M 1 and M 2 are isolated and acyclic.
To show that M 1 is weakly ρ-repelling, we can proceed in an analogous way as in the case of T (t).
In the case r 1 > 1, we have to show that M 2 is weakly ρ-repelling.
Suppose this does not hold. Then there exists a solution such that lim t→∞ (R(t), T (t), Q(t))
, 0) and Q(t) > 0. Then, for any ε > 0, if t is sufficiently large, then
− ε and for such t we can give the following estimation for Q(t):
which is positive if ε is small enough, as r 2 > 1, which contradicts Q(t) → 0.
We have shown uniform weak persistence in all cases; to show uniform (strong) persistence, we apply Theorem 4.5 from [8] . Our flow is clearly continuous, the subspaces X T , X Q , X \ X T and X \ X Q are invariant. The existence of a compact attractor is also clear, as all solutions enter a compact region after some time. This means that all conditions of [8, Theorem 4.5] hold and thus we obtain uniform strong persistence. Proof First we note that the rodent subsystem (2) can be reduced to two dimensions by introducing the notation F (t) := R(t) + T (t). We obtain the system
Global Stability
This system has two equilibria,
, with the latter one only existing if r 2 > 1. We use the Dulac function 1/Q to show that there is no periodic solution of (4):
Thus, applying the Bendixson-Dulac criterion, we obtain that there is no periodic solution of (4), and by the Poincaré-Bendixson theorem we get that all solutions tend to an equilibrium. In the first two cases, when r 2 < 1, only the first equilibrium exists. Thus, in this case Q(t) → 0 and F (t) → A d as t → ∞, and therefore, the second equation of (2) takes the following form on the limit set:
with γ = for C ∈ R + . Clearly, for r 1 < 1 (which is equivalent to γ ≤ 0), the solutions tend to zero on the limit set, therefore, for all solutions, T (t) → 0 as t → ∞.
If
on the limit set; using the persistence of T (t) we obtain that for all solutions,
as t → ∞. In the case r 2 > 1, also the second equilibrium exists. However, we know from the previous subsection that for r 2 > 1, the compartment Q(t) is uniformly persistent, so no solution with positive initial value in Q(t) can tend to the first equilibrium. Thus, the limit of all such solutions is the second equilibrium and
) as t → ∞. We can proceed in a similar way as in the case r 2 < 1: on the limit set, we can transform the second equation of (2) to
Similarly as above, we can see that the solution started from T (t) = 0 is the constant solution T (t) ≡ 0, while the nontrivial solutions take the form (5). In the case r 3 < 1 (which is equivalent to γ ≤ 0), the solutions tend to 0, while if r 3 > 1 (which is equivalent to γ > 0), we have lim t→∞ T (t) =
and this is what we wanted to show.
Remark 3.1
We note that changing global asymptotic stability to attractivity, the results of Theorem 3.2 also hold when the given reproduction numbers are equal to 1, instead of being smaller than 1.
The Human Subsystem
Let us now turn to the human subsystem of (1) consisting of the last three equations.
In the sequel, we assume that the rodent subsystem is in a steady state, and substitute any of the equilibria of the rodent subsystem into these equations to obtain the system
where T * and Q * are the second, resp. third coordinates in any of the four equilibria (3).
To find all possible equilibria of (6)
, first we introduce the notation G(t) := S(t) + I (t) to obtain the system
and
denoted by E 1 and E 2 , respectively, with
The first coordinate of E 1 is always positive, since this coordinate may be rewritten as
It can easily be seen that the first coordinate of E 2 is always positive. Let us first consider the case Q * > 0, (i.e. when the rodent subsystem tends to the equilibrium E Q or E TQ , which is equivalent to r 2 > 1). In this case, the second coordinate of E 1 is always positive, while second coordinate of E 2 is negative if Q * > 0. Hence, in the case Q * > 0, there is only one equilibrium and using the Poincaré-Bendixson theorem, we obtain that all solutions tend to E 1 .
In the case r 2 ≤ 1, i.e. when Q * = 0, the system takes the simpler form
G (t) = B − ν 2 G(t)J (t) − δG(t) + θ 2 J (t), J (t) = ν 2 G(t)J (t) − δJ (t) − ρJ (t) − θ 2 J (t).
This system has the two equilibria
Now, it is easy to see that the first of these equilibria always exists, while the second one only exists if
Just as above, we obtain that all solutions of (8) tend to one of these equilibria. In the case R J 0 ≤ 1, this equilibrium is clearly e 1 . Using similar methods as for the rodent subsystem, we will show that J (t) is always uniformly strongly persistent if R J 0 > 1. To show this, we choose ρ(x) = J . Consider the extinction space X J defined as X J := {x ∈ R 2 + : ρ(x) = 0}; now = M 1 := e 1 , which is obviously invariant, isolated and acyclic. Let us suppose that M 1 is not weakly ρ-repelling, i.e. there is a solution which tends to e 1 such that J (t) > 0. Then, given any ε > 0, for t sufficiently large, we can give the following estimate for J (t):
which is positive as R J 0 > 1. Hence, in the case R J 0 > 1, all solutions of (8) started with positive initial value J (0) tend to the equilibrium e 2 .
We have now finished the analysis of (7) and showed that in each case, depending on the reproduction numbers r 2 and R J 0 , all solutions of this equation tend to an equilibrium. Let us denote by J * the second coordinate of this equilibrium and substitute this value into the first two equations of (6) to obtain
This equation has a similar structure as (7). The two possible equilibria of system (9) are
denoted by E 1 and E 2 , respectively, where the notations K, P and H are defined
Again, we can apply the Bendixson-Dulac criterion, in this case with the Dulac function 1/I , to show that all solutions tend to an equilibrium:
which is negative for all I, S > 0. Similarly as in the case of the equilibria of system (7), it is easy to see that the first coordinates of E 1 and E 2 are always positive, while the second coordinate of E 2 is negative if T * > 0 (i.e. when r 1 > 1 and r 2 < 1, meaning that E T is globally asymptotically stable or r 2 > 1 and r 3 > 1 meaning that E TQ is globally asymptotically stable). Hence, in this case there is only one equilibrium, and by the Poincaré-Bendixson theorem, all solutions tend to this equilibrium.
From the above, we obtain that if T * > 0 and Q * > 0, i.e. when r 2 > 1 and r 3 > 1, then all solutions tend to the equilibrium (E 1 1 , E 2 1 , E 2 1 ), where upper index i denotes the ith coordinate of a given equilibrium.
In the case T * > 0 and Q * = 0, i.e. when r 1 > 1 and r 2 ≤ 1, E 1 is the only equilibrium of (9) , and the reproduction number R J 0 determines which equilibrium is the limit of the solutions of (8) . Hence, if r 1 > 1, r 2 ≤ 1 and R J 0 ≤ 1 then all solutions of (6) tend to the equilibrium
while if r 1 > 1, r 2 ≤ 1 and R J 0 > 1 then all solutions of (6) tend to the equilibrium
In the case T * = 0 (i.e. when r 1 < 1 and r 2 < 1, meaning that E R is globally asymptotically stable or r 2 > 1 and r 3 < 1, meaning that E Q is globally asymptotically stable), system (9) reduces to
which has two equilibria
resp.
One may easily observe that the second equilibrium always exists, while the sign of the second coordinate of the first equilibrium depends on the parameters and the limits Q * and J * : the first equilibrium exists if and only if
In the case R I 0 ≤ 1, there is only one equilibrium, E 2 , so it is clear from the above that all solutions of (6) tend to the equilibrium
In the case R I 0 > 1, we will again use persistence theory to show that all solutions of (10) tend to the equilibrium E 1 . We now choose ρ(x) = I and consider the extinction space X I := {x ∈ R 2 + : ρ(x) = 0}. It is clear that now = M 1 := {E 2 }, which is invariant, acylic and isolated. Let us suppose that M 1 is not weakly ρ-repelling, i.e. there exists a solution which tends to E 2 such that I (t) > 0. Then, for any ε > 0, for large enough t, we can estimate I (t) as
which is positive as R I 0 > 1. From this we obtain that in the case R I 0 > 1, all solutions of (10) started with positive initial value I (0) tend to E 1 .
On the ω-limit set of solutions of (6), Eq. (10) holds, which has at most two equilibria. Hence, the global attractor of (10) consists either of a single equilibrium or two equilibria and connecting orbits between them. When there is only one equilibrium, then the solutions of (6) tend to this equilibrium. When two equilibria exist, then J (t) is uniformly persistent, hence, the ω-limit set of positive solutions of (6) can only be the equilibrium with the positive J coordinate.
Now we go through all possibilities regarding the value of Q * and J * to give a precise characterization. In the case Q * > 0 (i.e. r 2 > 1), there is only one equilibrium of (7), hence J (t) tends to E 2 1 . This means that in the case r 2 > 1 and R I 0 ≤ 1 all solutions of (6) tend to the equilibrium ⎛
while in the case r 2 > 1 and R I 0 > 1, all solutions of (6) tend to the equilibrium
with
. In the case r 2 ≤ 1 (i.e. Q * = 0), the reproduction number R J 0 determines the limit of J (t). In the case r 1 ≤ 1, r 2 ≤ 1, R J 0 ≤ 1, R I 0 ≤ 1, all solutions of (6) tend to the equilibrium B δ , 0, 0 .
In the case r 1 ≤ 1, r 2 ≤ 1, R J 0 ≤ 1, R I 0 > 1, all solutions of (6) tend to the equilibrium
In the case r 1 ≤ 1, r 2 ≤ 1, R J 0 > 1, R I 0 ≤ 1, all solutions of (6) tend to the equilibrium
In the case r 1 ≤ 1, r 2 ≤ 1, R J 0 > 1, R I 0 > 1, all solutions of (6) tend to the equilibrium
Discussion
We have established a six-compartment model to describe the spread of an infectious disease spread by ectoparasites which are transmitted to humans by rodents. We have identified three reproduction numbers for the rodent subsystem. These threshold numbers determine which of the four possible equilibria of the rodent subsystem is globally attractive. Assuming that the rodent subsystem is already in a steady state, we studied the human subsystem and calculated the possible equilibria of this subsystem depending on which of the rodent equilibria is globally attractive. We also determined which equilibrium of the human subsystem is globally attractive. Our results show that in each case, depending on the different reproduction numbers, one equilibrium is globally attractive. Our results show that if one type of the parasite (infectious or noninfectious) is present in the rodent population, then the same type will also be present in the human population. Using our results, we may study the possibilities of eradicating the disease. There are three main ways to control the disease: we may decrease the transmission rates η 1,2 between humans and rodents, increase the disinfestation rates θ 1,2 of humans to shorten the duration of infestation of humans and we may reduce d which means culling of the rodents. Controlling only the human population (increasing the disinfestation rates θ 1,2 ) only results in a mitigation not sufficient to eradicate the disease. The same holds for decreasing the transmission rates from rodents to humans, except the extreme case of decreasing the transmission rates η 1,2 to zero. In this latter case, one may decrease the human reproduction numbers to be less than 1 by increasing the disinfestation rates θ 1,2 and thus eliminate the infestation.
By controlling the rodent population (increasing the death rate d), one can reduce the reproduction numbers r 1 and r 2 to be both less than 1 and this way one may eliminate the infestation among the rodents. Also in this case, infestation from rodents to humans can be eliminated and this way the human reproduction numbers determine which equilibrium of the human subsystem will be globally attractive. Hence, also in such a case, by increasing the disinfestation rate among humans may result in the elimination of the parasites and of the disease.
